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Abstract
The problem of reconstructing ﬁnite subsets of the integer lattice from X-rays has been studied in
discrete mathematics and applied in several ﬁelds like data security, electron microscopy, and medical
imaging. In this paper, we focus on the stability of the reconstruction problem for some special lattice
sets. First we prove that if the sets are additive, then a stability result holds for very small errors. Then,
we study the stability of reconstructing convex sets from both an experimental and a theoretical point
of view. Numerical experiments are conducted by using linear programming and they support the
conjecture that convex sets are additive with respect to a set of suitable directions. Consequently, the
reconstruction problem is stable. The theoretical investigation provides a stability result for convex
lattice sets. This result permits to address the problem proposed by Hammer (in: Convexity, vol. VII,
Proceedings of the Symposia in Pure Mathematics, American Mathematical Society, Providence, RI,
1963, pp. 498–499).
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
A lattice set is a non-empty ﬁnite subset of the integer lattice Z2. A directing vector in
Z2\{0} is called a lattice direction, and the X-ray of a lattice set E in a lattice direction p is
the function XpE giving the number of points in E on each line parallel to this direction.
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Discrete Tomography is the area of mathematics and computer science that deals with the
inverse problem of reconstructing lattice sets from a ﬁnite set of X-rays. An overview on
this subject highlighting the applications, the mathematical foundations, and the algorithms
in Discrete Tomography is provided by the book [17].
In this paper, we focus on the stability of the reconstruction problem. In the literature
there are few papers—that we will mention below—on this topic and a Ph.D. Thesis [1].
Informally, a problem is stable if a small perturbation of the data leads to a small change in
the solution.Therefore, the stability problem is of importance in practical applicationswhere
the X-rays are possibly affected by errors. For instance, in electron microscopy, techniques
that enable to count the number of atoms lying in a line up to an error of ±1 are known
[13]. So, in case of instability, the reconstructed set can be quite different from the original
one even if the error on the data is small. In general there exist more than one lattice set
with given X-rays (corresponding to a null error on the data), the so-called tomographically
equivalent, and it can be proved in a constructive way that whenever the number of X-
rays is more than two there does not exist any integer l such that an arbitrary lattice set
differs from any tomographically equivalent one by at most l points [16]. Therefore, the
requirement of uniqueness is the minimal one. In [1,2] the authors provide a modiﬁcation
of a generalization of the construction in [16] and show that there exist two disjoint sets
uniquely determined by their X-rays when the X-rays differ by a certain quantity.
In Remark 6 we show that to obtain a stability result even with a very small error on
the data, the requirement of uniqueness for the sets is not enough. To this goal, we shall
consider the reconstruction of lattice sets with some additional constraints.
In Section 3 we treat the stability of reconstructing additive sets. This class of sets was
ﬁrst introduced by Fishburn and Shepp [10]. Here, we just recall to the reader that additivity
implies uniqueness, whereas the converse is not true. Additionally, the notion of additivity
should be regarded as a property of the solutions of the linear program associated with the
reconstruction problem. We prove that if the sets are additive, then a stability result holds
(Proposition 7).This result permits one to use linear programming to solve the reconstruction
problem in a computationally efﬁcient and effective way.
In Section 4 we study the stability of reconstructing convex lattice sets from both an
experimental and a theoretical point of view. In the former, we use linear programming
to deal with this problem. Experimental results suggest the conjecture that for the set of
directions {x, y, 2x+y,−x+2y}, convex lattice sets are additive. This would imply that the
results of Section 3 may hold for convex lattice sets. Such a stability result is in agreement
with the continuous case where the reconstruction problem for convex bodies is well posed
[22]. In the latter, the theoretical result (Proposition 18) conﬁrms stability for convex lattice
sets by exploiting the result in [22]. We use this result to address the problem proposed
by Hammer [15] concerning the reconstruction of any convex body from its (continuous)
X-rays. More precisely we prove that a convex body is arbitrarily close to a convex lattice
set whose X-rays are close enough to the X-rays of the convex body (see Proposition 20).
In other words, this means that we can reconstruct a convex body from its discrete X-rays
if we admit a resolution and an X-ray error (due to the discretization) as small as wanted.
These results justify the use ofDiscreteTomography algorithms to reconstruct continuous
convex shapes from a few X-ray images. For example, we mention the reconstruction
of the section of coronary arteries, supposed to be convex, from X-ray angiograms as
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an application. Among other studies in this direction we mention [19] where the authors
propose an algorithm that approximates the convex body by a sequence of discrete objects
reconstructed from X-rays.
2. The problem
In this paper, every direction is supposed to be rational and is described by two coprime
integers a and b such that any line parallel to p has an equation ax + by = const. In the
following, we will confound the direction p with the function (x, y) → ax + by, and
so two points A and B are on a line parallel to p if p(A) = p(B). Let p = ax + by and
q = cx + dy be such that gcd(a, b)= 1, gcd(c, d)= 1; then det(p, q)= |ad − bc|. If S is
a lattice set, then the X-ray of S in the direction p is the function XpS : Z→ N deﬁned by
XpS(k)= card{A ∈ S : p(A)= k}.
The reconstruction problem is the task of determining any lattice set having the given
X-rays. Stability concerns how sensitive the problem is to noisy data. Hence, one can ask
whether the data correspond to small perturbations of solutions that are close. To study the
problem we deﬁne a measure for the error on the X-rays and one for the distance of two
solutions. LetD be a set ofm prescribed lattice directions withm2 and letE,F be lattice
sets. The distance between the X-rays of E and those of F is deﬁned by
DXD(E, F )=max
p∈D
∑
k∈Z
|XpE(k)−XpF(k)|.
The distance between two sets is deﬁned by
card(E F)= card((E\F) ∪ (F\E)).
The formulation of the problem that we consider is the following:
Problem 1. Let E be known. Determine F maximizing card(E F), with the constraint
that DXD(E, F ) is given.
Let us introduce some deﬁnitions that we need in the following.
Deﬁnition 2. A lattice setE is additivewith respect toD, orD-additive, if there is a function
e which gives a value ep(k) for each line p = k parallel to a direction p of D such that for
all A in Z2
A ∈ E if and only if
∑
p∈D
ep(p(A))> 0.
This deﬁnition introduced by Fishburn et al. can be better understood with linear pro-
gramming: a lattice set E is additive if it is the unique solution of the linear programming
problem which looks for a fuzzy set which has the same X-rays as E.
Deﬁnition 3. A lattice set E is unique with respect to D, or D-unique, if F ⊂ Z2 and
XpE =XpF for any p ∈ D imply E = F .
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There is an intimate relationship between these two deﬁnitions: every D-additive set is
D-unique and the converse is true if m= 2 (see [10]).
As a last remark we recall that a p-line does not always intersect a q-line: indeed Z2 can
be split in det(p, q) pq-lattice such that in each pq-lattice a p-line intersects with any q-line.
Precisely a pq-lattice has the form
L
pq
i = {A ∈ Z2 : p(A)= i (mod det(p, q)) and q(A)= i (mod det(p, q))},
where  only depends on the directions p and q (see for example [8]). Moreover, we denote
by 〈i, j〉pq the point A such that p(A)= i and q(A)= j . Notice that this point is in Z2 only
if p = i and q = j are in the same pq-lattice.
3. Stability for additive sets
In this section we study the stability of reconstructingD-additive sets.We begin to study
Problem 1 with E and F verifying the constraint DXD(E, F )1.
In the ﬁrst two lemmas additivity is not required.
The condition DXD(E, F )1 permits the X-rays of the two sets to differ by one in at
most a line for each direction. Then, p ∈ D and at most an integer kp exists such that
|XpE(kp)−XpF(kp)| = 1 and XpE(k)=XpF(k) for k = kp.
Lemma 4. If DXD(E, F )1, p ∈ D, and an integer kp exists such that |XpE(kp) −
XpF(kp)|=1, then for everyq ∈ D there is an integer kq such that |XqF(kq)−XqE(kq)|=1
and 〈kp, kq〉pq ∈ Z2.
Proof. Let Lpqi be the pq-lattice containing the line p = kp, or equivalently kp ∈ p(Lpqi )
with p(Lpqi )= {p(M) : M ∈ Lpqi } = {i + det(p, q)k : k ∈ Z}. Suppose thatXpF(kp)−
XpE(kp)=+1. Thus, we have
∑
k∈p(Lpqi )
XpF(k)= 1+
∑
k∈p(Lpqi )
XpE(k).
Since
∑
k XrF (k) = card(F ) and
∑
k XrE(k) = card(E), for every r ∈ D, the previous
identity leads to the following:
∑
k∈q(Lpqi )
XqF (k)= 1+
∑
k∈q(Lpqi )
XqE(k),
for all q inD. From this, the thesis easily follows. 
In the next lemma we show that all the lines with error 1 have a common point and this
point is in Z2. In the following, we assume that card(F )> card(E) and for any p ∈ D the
integer kp is as in the previous lemma.
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Lemma 5. If DXD(E, F )= 1, then a pointW ∈ Z2 exists such that
XpF(k)=
{
XpE(k)+ 1 if k = p(W),
XpE(k) otherwise
for all the directions p inD.
Proof. Let p, q and r be directions inD and suppose that A= 〈kp, kq〉pq , B = 〈kp, kr 〉pr ,
C = 〈kq, kr 〉qr are three distinct points. Let a, b be such that r = ap + bq. Thus, summing
up we can write
∑
M∈F
r(M)= a
∑
M∈F
p(M)+ b
∑
M∈F
q(M)
and by grouping line by line we obtain
∑
k
kXrF (k)= a
∑
k
kXpF(k)+ b
∑
k
kXqF (k).
We can exhibit the corresponding identity for the set E. As a result of the difference of these
two identities we obtain that kr = akp + bkq and so r(A)= r(B)= r(C). Thus, the three
points A,B and C coincide and the claim is proved. 
Remark 6. Given any three lattice directions we can construct two sets E,F in such a
way that they are (non-additive) sets of uniqueness. (For proving this we refer the reader
to [10].) Fig. 1, already published in [10], illustrates two such sets verifying the constraint
DXD(E, F )= 1.
Since uniqueness is not sufﬁcient to have stable solutions for the reconstruction problem,
we suppose that E and F are D-additive, that is E = {A ∈ Z2 : e(A)> 0} and F = {A ∈
Z2 : f (A)> 0}.
Proposition 7. Let E and F be D-additive lattice sets. If DXD(E, F ) = 1, then
card(E F)= 1.
Proof. Let W be as in Lemma 5. At ﬁrst suppose that W /∈E and let E′ = E ∪ {W }. For
each direction p in D we have that XpE′ = XpF . Finally, since additivity of F implies
uniqueness of F, we conclude that F = E ∪ {W }. On the contrary, ifW ∈ E we study the
following:
E =
∑
A∈Z2
∑
p∈D
ep(p(A))(1E(A)− 1F (A)).
Rewriting it as
∑
A∈E
∑
p∈D
ep(p(A))(1E(A)− 1F (A))+
∑
A/∈E
∑
p∈D
ep(p(A))(1E(A)− 1F (A)),
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Fig. 1. E and F are non-additive sets of uniqueness such that DXD(E, F )= 1 and E ∩ F = ∅.
we notice that E0, because the additivity of E implies that if A is in E, then e(A)> 0
and 1E(A)= 1 hold, and otherwise e(A)0 and 1E(A)= 0.We can also explicit the terms
XpE and XpF in E so obtaining that
E =
∑
k =p(W)
∑
p∈D
ep(k)(XpE(k)−XpF(k))
+
∑
p∈D
ep(p(W))(XpE(p(W))−XpF(p(W)))
that is strictly less than zero. 
Remark 8. Let us notice that in the proof, additivity for F and just uniqueness for E are
needed.
If we consider the case where the error is larger than 1, we have instability even when
the error is just equal to 2 if the number of lattice directions is larger than 2. In more
detail, the instability follows from the result of Alpers et al. [2, Theorem 1] because the
sets constructed in the proof of Alpers et al. [2] are actuallyD-additive. Therefore, we can
restate it as follows:
Proposition 9 (see Alpers et al. [2]). For any n and a setD ofm3 directions there exist
E and FD-additive such that card(E)= card(F )n, DXD(E, F )= 2 and E ∩ F = ∅.
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4. Stability for convex sets
In this section we study Problem 1 for convex lattice sets from both an experimental and
a theoretical point of view.
Any convex lattice set is the intersection of a convex polygon and the integer lattice
Z2. The deﬁnition of the convex lattice set passes through that of the convex polygon,
and this can be used to determine results for the discrete case from the continuous case.
In this way, convex lattice sets are uniquely determined by their X-rays taken in suitable
sets of directions [11], and these sets of directions distinguish convex bodies [12]. So in
R2 an analogous result holds, and additionally the reconstruction problem is stable [22].
Moreover, we notice that there is a connection between additive sets and convex lattice sets,
since a euclidean ball is additive with respect to two orthogonal directions [9]. Experiments
support the conjecture that convex lattice sets are additive for a suitable set of directions,
and indeed they accord to Proposition 7.
In the second part, we conduct a theoretical study that conﬁrms stability for convex lattice
sets.
4.1. Experimental results
In this section we experimentally study the stability of the reconstruction of convex
lattice sets via linear programming. Our experiments support the suspect that the results in
the continuous have a correspondence in Z2.
For generating our test data, we consider in this section a class of lattice sets, which are
more general than the convex lattice sets [6].
For each pointA=(xA, yA) ∈ Z2 the four quadrants aroundA are deﬁned by the following
formulas:
R0(A)= {(x, y) ∈ Z2/xxA and yyA},
R1(A)= {(x, y) ∈ Z2/xxA and yyA},
R2(A)= {(x, y) ∈ Z2/xxA and yyA},
R3(A)= {(x, y) ∈ Z2/xxA and yyA}.
Deﬁnition 10. A lattice set E is Q-convex if and only if for each A /∈E there exists i ∈
{0, 1, 2, 3} such that Ri(A) ∩ E = ∅.
An example of Q-convex lattice set is given on the left-hand side of Fig. 2.
We generated 184 Q-convex lattice sets of semi-perimeter from 4 to 370 using a uniform
generator (Brunetti andDaurat [5], inspired fromHochstättler et al. [18]).Thenwe computed
their X-rays in the set of directions D = {x, y, 2x + y,−x + 2y}. (These directions have
been chosen because the X-rays along them uniquely determine the convex lattice sets [11]
and they contain the horizontal and vertical directions.) Given the generated set E, and its
X-rays, we solved the following linear programwith the software soplex which implements
the simplex algorithm [23] for any error on the X-rays er ∈ {0, 1, 2, 3} given in input
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Fig. 2. A Q-convex lattice set E and the corresponding extremal values of vi,j for er = 3. In this case we have
card(E)= 200 and∑(i,j)∈E (1− vi,j )+∑(i,j)∈Ec vi,j = 33.7.
Maximizing
∑
(i,j)∈E
(1− vi,j )+
∑
(i,j)/∈E
vi,j (1)
such that∑
p(i,j)=k
vi,j =XpE(k)+ er+p,k − er−p,k, (2)
∑
k
er+p,k + er−p,ker, (3)
0vi,j1, er+p,k0, er
−
p,k0. (4)
A variable vi,j is associated to the point (i, j), and constraints (2) and (3) ensure that the
error on the X-rays is er . Notice that, because of the objective function, solving this
problem with vi,j ∈ Z would permit to exactly ﬁnd the maximum of card(E F), where
F describes all the lattice sets such that DXD(E, F )er . Indeed if vi,j = 1, then (i, j)
belongs to any set F. Unfortunately, integer-linear-program is an NP-hard problem, and
hence we solved the relaxed problem where the unknown variables can be fractional: this
computation provides an upper bound to card(E F). Fig. 2 illustrates (on the right-hand
side) a solution of the linear programming for card(E) = 200 and er = 3. The different
gray-scale colors of the squares correspond to different values of vi,j .
The complete results are summarized in Figs. 3 and 4. In Fig. 3 the upper bound
to card(E F) is divided by card(E), so that each value gives an upper bound to the
relative distance from a given set. Moreover the black squares show the values of the
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Fig. 3. An upper bound to (card(EF))/(card(E)) for the Q-convex generated sets. (Only 40% of the 184
generated sets have been represented for readability.)
maximum of quantity (1) when the constraints (2) and (3) are replaced by XpE(k) −
1∑p((i,j))=k vi,jXpE(k)+ 1: these values give an upper bound to card(E F) when
DX′D(E, F )=maxp∈Dmaxk∈Z |XpE(k)−XpF(k)| = 1.
Here we report on the experimental results.
• IfDXD(E, F )=0, thenwe always ﬁnd a null relative distance. In otherwords, according
to our experiments every Q-convex lattice set is D-additive. In fact this property was
ﬁrst conjectured by Thorens [21] (with additivity replaced by uniqueness), and can be
seen as a variant of Conjecture 4.6 of Barcucci et al. [3] and Theorem 5.7 of Gardner
and Gritzmann [11]. We can set out the conjecture as follows:
Conjecture 11. IfD is a set of directions,which contains {x, y}, such that all the directions
are not in the same quadrant and they uniquely determine the convex lattice sets, then every
Q-convex lattice set isD-additive.
Notice that the property about the quadrants is necessary because there is a counter-
example withD= {x, y, x + y, x + 5y}.
• If DXD(E, F ) = er , the relative distance looks to converge to zero as card(E) grows.
If we divide by
√
card(E) instead of card(E), this ratio seems to be bounded so that
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Fig. 4. An upper bound to (card(EF))/(
√
card(E)) for the 184 generatedQ-convex lattice sets.
on average card(E F) = O(√card(E)) according to our experiments (see Fig. 4). It
must be noticed that when er = 1, the maximum distance of any two sets is always 1 for
the generated cases according to the result of Proposition 7. Since the theoretical result
holds for additive sets, the experiments could be interpreted as a further evidence of the
conjecture.
• If DX′D(E, F ) = 1, then the relative distance does not seem to converge to zero, but
the computed values are only upper bounds, that is, we do not know if the fractional
values mirror instability or they are just an artifact introduced by relaxing the integral
constraints of the problem.
4.2. Theoretical results
In this section we ﬁrst exploit a stability result for convex bodies [22] to deal with the
corresponding problem for convex lattice sets and then we use this result to show that it
is possible, at least theoretically, to reconstruct convex bodies from X-rays, by means of
discrete tomography.
4.2.1. Preliminaries
A convex body is a compact convex subset of R2 with a non-empty interior. We denote
the set of all the convex bodies byK∗. The X-ray XpU of the convex body U in direction
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p is the function giving the length of each chord of U parallel to p. More preciselyXpU()
is the length of the intersection of U with the line p = . The Steiner symmetral Sp(U) of
U in direction p is the closure of the union of all open segments on lines parallel to p of the
same length as XpU centered about a ﬁxed line orthogonal to p. So the Steiner symmetral
Sp(U) and the X-ray XpU contain exactly the same information.
Deﬁnition 12. A set of directionsD is aGardner–McMullen set of directions if any convex
body is characterized by all its X-rays in the directions ofD.
We recall a result of Gardner and Gritzmann [12, Proposition 6.1, Theorem 4.5]:
Theorem 13 (Gardner and Gritzmann [12]). A set D = {p1, p2, p3, p4} of four lattice
directions is a Gardner–McMullen set of directions if and only if the cross-ratio of the direc-
tions arranged in order of increasing angle with the positive x-axis is not in { 43 , 32 , 2, 3, 4}.
Example 14. This theorem implies that the setD={x, y, 2x+ y,−x+ 2y} is a Gardner–
Gritzmann set of directions.
In the following, we suppose that D = {p1, p2, p3, p4} is a Gardner–McMullen set of
four directions. So themapping  :K∗ → (Sp1(U), Sp2(U), Sp3(U), Sp4(U)) is injective.
LetK∗ be endowed with Nikodym’s distance:
dN(U, V )=m(U V ),
wherem(U) denotes the Lebesgue measure onR2. Nowwe are in place to state the stability
result for convex bodies (see Theorem of Volcˇicˇ [22, Section 3.1]):
ifK∗ is endowed with the topology induced by the Nikodym’s distance,  is continuous
and continuously invertible from (K∗).
We shall reformulate this theorem. Consider the map D : U → (XpU)p∈D; if D is a
Gardner–McMullen set of direction, then D(U) is injective. Let XD be the range of D.
We endowXD with the following distance:
dX((fp)p∈D, (gp)p∈D)=max
p∈D
∫ +∞
−∞
|fp()− gp()|√
a2p + b2p
d,
where (fp)p∈D, (gp)p∈D are in XD, ap and bp are deﬁned by p(x, y) = apx + bpy.
(Notice that each integral in the deﬁnition of this distance corresponds exactly to the
Nikodym distance if X-rays are considered as Steiner symmetral.) We also use the notation
dXD(U, V )= dX(D(U),D(V )).
The theorem of Volcˇicˇ [22, Section 3.1] can be rewritten as follows:
Theorem 15 (Volcˇicˇ [22]). Let D be a Gardner–McMullen set of four lattice directions.
The inverse −1D of the function D is a continuous function fromXD toK∗.
For any bounded set E ⊂ R2 we deﬁne Rmax(E) = maxM∈E ‖M‖ where ‖ · ‖ is the
euclidean norm. The set K1ε = {U ∈ K∗ : Rmax(U)1 and m(U)ε} is a compact
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subset ofK∗; it follows that D(K1ε) is a compact subset ofXD and so the function −1D
restricted to D(K1ε) is uniformly continuous. So we can give a more precise formulation
of the previous theorem:
Corollary 16. LetD be a Gardner–McMullen set of four lattice directions. For any ε > 0
there exists > 0 such that any U,V ∈K1ε satisfy:
dXD(U, V )<  ⇒ dN(U, V )< ε.
4.2.2. A stability result for convex lattice sets
In this section,D is a Gardner–McMullen set of four lattice directions. Since a Gardner–
McMullen set of lattice directions uniquely determines convex lattice sets [11], we use the
result enunciated in Corollary 16 to get a stability result for convex lattice sets.
At ﬁrst we need a lemma which is a direct consequence of Pick’s theorem [14,20]. We
recall that a lattice polygon is a polygon whose vertices are in Z2, and a simple polygon is
a polygon whose edges have a non-empty intersection only if they are consecutive.
Lemma 17. If P ⊂ R2 is simple lattice polygon which is not a segment, then card(P ∩
Z2)2m(P )+ 2.
As both the distance of two lattice sets, card(E F), and the distance of the corresponding
X-rays,DX(E,F), have integer values, making these quantities tend to zero has no sense,
and hence, to apply Corollary 16, the relative distances
card(E F)
(max(Rmax(E), Rmax(F )))
2 and
DX(E,F)
(max(Rmax(E), Rmax(F )))
2
will be used. The following proposition gives an upper bound to the relative distance of two
lattice sets depending on the relative distance of their X-rays. More precisely, the relative
distance of two lattice sets is smaller than a multiple of the inverse of a quantity expressing
the maximum size of the sets into consideration plus a quantity which can be arbitrarily
small, if the relative distance of the X-rays is small enough.
We suppose that each direction p ofD has the form p((x, y))= apx + bpy with ap, bp
integers.
Proposition 18. For any ε > 0 and K > 1, there exist > 0,M > 0 such that any lattice
convex non-segment sets E and F such as
card(E)
(Rmax(E))
2 ,
card(F )
(Rmax(F ))
2 ε, Rmax(E), Rmax(F )M,
1
K
 Rmax(E)
Rmax(F )
K
satisfy:
DX(E,F)
(max(Rmax(E), Rmax(F )))
2 <  ⇒
card(E F)
(max(Rmax(E), Rmax(F )))
2
< ε + 17
max(Rmax(E), Rmax(F ))
.
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Proof. We deﬁne εc = ε/2. Let c given by Corollary 16 be applied to εc. We takeM such
that
6
M
 c
2
,
1
(KM)2
εc and M8.
So we suppose that E and F are sets which satisfy the conditions of the proposition.
Let us consider the numberN=max(Rmax(E), Rmax(F )) and the setsEc=1/Nconv(E),
Fc = 1/Nconv(F ).
The sets Ec and Fc are convex polygons of R2, and since they are not segments, Ec and
Fc are convex bodies. Additionally, they are simple lattice polygons their being vertices in
(Z/N)2. By Lemma 17 applied to P =N · Ec we have
m(Ec)
1
N2
(
card(E)
2
− 1
)
.
So:
m(Ec)
1
N2
(
card(E)
2
− 1
)
 card(E)
2(KRmax(E))2
− 1
(KRmax(E))
2
 ε
2K2
− 1
(KM)2
2εc − εc = εc.
Similarly m(Fc)εc. So Ec, Fc ∈K1ε .
Now we suppose that (DX(E, F ))/N2< with =c/4 and we estimate dXD(Ec, Fc).
We have that:
XpE(n)− 1
N
XpEc
( n
N
)
XpE(n)+ 1
N
,
XpF(n)− 1
N
XpFc
( n
N
)
XpF(n)+ 1
N
,
so that
∣∣∣XpEc
( n
N
)
−XpFc
( n
N
)∣∣∣  |XpE(n)−XpF(n)| + 2
N
.
Since
|XpEc()−XpFc()| max
(∣∣∣∣XpEc
(N
N
)
−XpFc
(N
N
)∣∣∣∣ ,∣∣∣∣XpE
(N 
N
)
−XpF
(N 
N
)∣∣∣∣
)
,
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we get
∫ +∞
−∞
|XpEc()−XpFc()| d 2
N
N
√
a2p+b2p∑
n=−N
√
a2p+b2p 
|XpE(n)−XpF(n)| + 2
N
= 2
N2
+∞∑
n=−∞
|XpE(n)−XpF(n)| +
2(2N
√
a2p + b2p + 1)
N2
.
Finally, ap and bp are integers and, so
√
a2p + b2p1, and we conclude that
dXD(Ec, Fc)
2
N2
DX(E,F)+ 6
N
2+ 6
M
 c
2
+ c
2
= c.
By Corollary 16 we have that dN(Ec, Fc)εcε/2.
The symmetric difference Ec Fc is the union of components of Ec\Fc and of Fc\Ec.
Let Cj denote the closure of the jth component and Ec Fc =⋃kj=1 Cj .
Each component Cj is a simple polygon (S1A1A2A3 . . . Am1S2B1B2 . . . Bm2), where
A1, . . . , Am1 and B1, . . . , Bm2 are consecutive vertices of Ec and Fc, respectively, and S1,
S2 are intersections of an edge of Ec with an edge of Fc. The component Cj contains at
least one vertex of Ec or one of Fc so m1 +m2> 0.
For each j we deﬁne the lattice polygon C′j as follows:
• If m1 = 0 or m2 = 0, then C′j is conv(Cj ∩ (Z/N)2). (In this case Cj is convex.)
• If m1> 0 and m2> 0, then C′j is the union of the three following polygons:
◦ conv((S1A1B1) ∩ (Z/N)2),
◦ the lattice polygon (A1A2 . . . Am1B1B2 . . . Bm2),
◦ conv((S2Am1Bm2) ∩ (Z/N)2).
This polygon C′j is included in Cj and is a simple polygon whose vertices are all in
(Z/N)2, so if it is not a segment, by Lemma 17 we have card(Cj ∩ (Z/N)2)= card(C′j ∩
(Z/N)2)2m(C′j )+ 22m(Cj )+ 2.
Let l be the number of C′ components that are not a segment and
S =
k∑
j=1
Cj is a segment
card(C′j ∩ (Z/N)2).
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Fig. 5. The components Ci and C′i of the symmetrical difference of two lattice convex polygons Ec and Fc . Only
the points Sk,Ak, Bk of the component C1 are annotated. The sets C′2, C′5, C′7, C′8 contain only one point and C′6
is a segment.
So we have (see also Fig. 5):
card(E F)=
k∑
j=1
card(Cj ∩ (Z/N)2)

k∑
j=1
Cj is not segment
(2m(Cj )+ 2)+
k∑
j=1
Cj is a segment
card(C′j ∩ (Z/N)2)
2dN(Ec, Fc)+ 2l + S.
The vertices ofEc and Fc are in (Z/N)2 ∩[−1, 1]2, so the polygonsEc and Fc have less
than 4(2N+1) vertices whose coordinates multiplied byN are in the square [−N,N ]2∩Z2.
We deduce that l+S4(2N + 1) and so 2l+S8(2N + 1). Moreover, dN(Ec, Fc)ε/2
so card(E F)εN2+ 8(2N + 1)= εN2+ 16N + 8. We have supposed that NM8,
so ﬁnally card(E F)εN2 + 17N . 
This upper bound overestimates the symmetric difference because we actually count also
points of the border of Ec ∩ Fc.
4.2.3. Reconstruction of a convex body from noisy discrete X-rays
In this section we always suppose that D is a Gardner–McMullen set of directions. If F
is a convex body, then we know that it is completely determined by its continuous X-rays
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in D. The aim of this section is to show that it is possible, in theory, to reconstruct F by
using discrete tomography.
Let us ﬁx an integer n, and let En be an approximation of F to the resolution 1/n.
But as we do not knowF, the only assertions aboutEn concern the distance of the discrete
X-rays of En and the continuous X-rays of F. Proposition 20 claims that assertions which
only consider the X-rays of En exist such that the set En converges, in a certain sense, to F
when n tends to inﬁnity.
We start with an easy lemma which will be useful in the following:
Lemma 19. If E is any bounded subset of R2 and p, p′ are two directions, then
max
( |1|
‖p‖ ,
|2|
‖p‖ ,
|′1|
‖p′‖ ,
|′2|
‖p′‖
)
Rmax(E)
 max(‖〈1, ′1〉pp′ ‖, ‖〈1, ′2〉pp′ ‖, ‖〈2, ′1〉pp′ ‖, ‖〈2, ′2〉pp′ ‖),
where 1 = infz∈E p(z), 2 = supz∈E p(z), ′1 = infz∈E p′(z), ′2 = supz∈E p′(z).
Proposition 20. Let F be a convex body, and (En)n∈N a sequence of non-segment convex
lattice sets such that for each p ∈ D there hold:
1
n
max{k ∈ Z : XpEn(k) = 0} −→
n→∞ sup{ ∈ R : XpF() = 0}, (5)
1
n
min{k ∈ Z : XpEn(k) = 0} −→
n→∞ inf{ ∈ R : XpF() = 0}, (6)
1
n
max
p∈D
∑
k∈Z
∣∣∣∣XpEn(k)n −XpF
(
k
n
)∣∣∣∣ −→n→∞ 0. (7)
Then
1
n2
card(En(nF ∩ Z2)) −→
n→∞ 0.
Proof. Let (Fn)n∈N be the sequence of convex lattice sets, deﬁned by Fn = nF ∩ Z2. To
prove this proposition we are going to show that an integer N exists such that for n>N the
sets En and Fn verify the conditions of Proposition 18. The thesis follows by applying the
proposition.
At ﬁrst we derive some conditions we need to our goal.
Since
card(Fn)
n2
−→
n→∞ m(F) and
Rmax(Fn)
n
−→
n→∞ Rmax(F ),
it follows that
card(Fn)
(Rmax(Fn))
2 −→n→∞
m(F)
(Rmax(F ))
2 > 0. (8)
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We have
XpFn(k)− 1
n
XpF
(
k
n
)
XpFn(k)+ 1
n
and, hence by condition (7)
1
n2
DX(En, Fn) −→
n→∞ 0. (9)
As a consequence of this and | card(En)− card(Fn) |DX(En, Fn), we obtain that
card(En)− card(Fn)
n2
−→
n→∞ 0.
We choose arbitrarily two directions p, p′ ofD. Let 1=minz∈F p(z), 2=maxz∈F p(z),
′1 = minz∈F p′(z), ′2 = maxz∈F p′(z). By Lemma 19 applied to En, the conditions (5)
and (6) and the continuity of the function (, ′) → 〈, ′〉pp′ , there exists an integer N1
such that for n>N1 we have:
M1
Rmax(En)
n
M2
with
M1 = 12 max
( |1|
‖p‖ ,
|2|
‖p‖ ,
|′1|
‖p′‖ ,
|′2|
‖p′‖
)
and M2 = 2max(‖〈1, ′1〉pp′ ‖, ‖〈1, ′2〉pp′ ‖, ‖〈2, ′1〉pp′ ‖, ‖〈2, ′2〉pp′ ‖). Thus, by this
and the previous deduction, we get
card(En)
(Rmax(En))
2 
card(En)
(nM2)
2 −→n→∞
m(F)
(M2)
2 > 0. (10)
Moreover, an integer N2>N1 exists such that for n>N2 there holds
M1
2Rmax(F )
 Rmax(En)
Rmax(Fn)
 2M2
Rmax(F )
.
Nowwe are going to use these properties to show that we can apply Proposition 18 toEn
andFn.Toprove the thesis,wehave toﬁnd, for any ε > 0, anN such that 1/n2 card(En(nF∩
Z2))ε for n>N . Let
K =max
(
2M2
Rmax(F )
,
2Rmax(F )
M1
)
and
ε′ = ε
2(KRmax(F ))2
.
Without loss of generality let us suppose that
0<ε′< m(F)
2(Rmax(F ))2
,
m(F )
2(M2)2
.
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• we have that
1
K
 Rmax(En)
Rmax(Fn)
K for n>N2;
• by conditions (8) and (10) there exists an integer N3 such that for n>N3 we have
card(En)
(Rmax(En))
2 ,
card(Fn)
(Rmax(Fn))
2  min
(
m(F)
2(Rmax(F ))2
,
m(F )
2(M2)2
)
ε′.
Hence,
card(En)
(Rmax(En))
2 ,
card(Fn)
(Rmax(Fn))
2 ε
′ for n>N3;
• for anyﬁxedM>0, there exists an integerN4 such that forn>N4 we haveRmax(En)M
and Rmax(Fn)M;
• for any ﬁxed > 0, by property (9), an integer N5 exists such that
1
n2
DX(En, Fn)< 
(
Rmax(F )
2K
)2
for n>N5;
• There exists an integer N6 such that
Rmax(Fn)
n
 Rmax(F )
2
for n>N6.
Now we suppose that n>N =max(N2, N3, N4, N5, N6). Then the sets En and Fn sat-
isfy the conditions of Proposition 18 (with ε′ instead of ε and  and M chosen as in the
proposition).
Therefore we have
DX(En, Fn)
(max(Rmax(En), Rmax(Fn)))
2 <  ⇒
card(EnFn)
(max(Rmax(En), Rmax(Fn)))
2
< ε′ + 17
max(Rmax(En), Rmax(Fn))
. (11)
By the deﬁnition of Fn, Fn ⊂ nF and so Rmax(Fn)nRmax(F ). Moreover, Rmax(En)
KRmax(Fn). It follows thatmax(Rmax(En), Rmax(Fn))KRmax(Fn)KnRmax(F ), since
K > 1.
We have
Rmax(En)
Rmax(Fn)
K
and by deﬁnition of N6,
Rmax(Fn)
Rmax(F )
2
, so max(Rmax(En), Rmax(Fn)))
Rmax(Fn)
K
 nRmax(F )
2K
.
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Then
DX(En, Fn)
(max(Rmax(En), Rmax(Fn)))
2 <
n2
(
Rmax(F )
2K
)2
(
nRmax(F )
2K
)2 = ,
so the premise of the implication of (11) is true. Therefore:
card(EnFn)ε′(Rmax(En), Rmax(Fn)))2 + 17max(Rmax(En), Rmax(Fn))
ε′(KnRmax(F ))2 + 17(KnRmax(F ))
n2 ε
2
+ 17KRmax(F )n
n2 ε
2
+ n2 ε
2
for n>
34KRmax(F )
ε
= εn2 
5. Conclusion and open questions
In this paper, we have proved two positive stability results in Discrete Tomography, the
ﬁrst one concerning additive sets and very small errors, the second one regarding convex sets
and a relative errorwhich tends to zero.As a consequence of the second result, Proposition 20
is particularly interesting because it can be used to solveHammer’s X-ray problem: consider
a convex body E ⊂ R2 which is only known from X-rays along a Gardner–McMullen set
D of directions. Then one knows that for any ﬁxed n there is a convex lattice set En ⊂ Z2
such that for every direction p ∈ D:
nXpE(i/n)√
a2p + b2p
 XpEn(i)
nXpE(i/n)√
a2p + b2p
+ 1 (12)
(take En = nE ∩ Z2.) It is easy to see that condition (12) implies that (En) satisﬁes the
conditions of Proposition (20) and so the sequence of sets 1/nEn tends to the searched set
E. Thus, this result could be applied each time a binary convex shape is asked from a few
X-ray images, if we are able to reconstruct a convex lattice set from approximative X-rays
like (12). Unfortunately, algorithms are known in the exact case [6] only or for more general
classes than convex lattice sets [4,7].
Proposition 20 states that the distance between the lattice set and the searched set tends
to zero when the X-ray discretization error tends to zero, but a quantitative result would
give much more information. Indeed we are interested in the following question: if (En) is
a sequence of sets satisfying (12), is there a constant c such that card(En(nE∩Z2))cn?
226 S. Brunetti, A. Daurat / Discrete Applied Mathematics 147 (2005) 207–226
Acknowledgements
Acknowledgments are due to Mohamed Tajine for his questions about convergence,
partially answered by Proposition 20.
References
[1] A. Alpers, Instability and Stability in Discrete Tomography, Mathematik, Shaker Verlag, Dissertation,
Technische Universität München, 2003.
[2] A. Alpers, P. Gritzmann, L. Thorens, Stability and instability in discrete tomography, in: Dagstuhl Seminar:
Digital and Image Geometry 2000, vol. 2243, Lecture Notes in Computer Science, Springer, Berlin, 2001,
pp. 175–186.
[3] E. Barcucci, A. Del Lungo, M. Nivat, R. Pinzani, X-rays characterizing some classes of discrete sets, Linear
Algebra Appl. 339 (2001) 3–21.
[4] Y. Boufkhad, O. Dubois, M. Nivat, Reconstructing (h, v)-convex 2-dimensional patterns of objects from
approximate horizontal and vertical projections, Theoret. Comput. Sci. 290 (3) (2003) 1647–1664.
[5] S. Brunetti, A. Daurat, Random generation of Q-convex sets. Preprint url:http://geodisi.u-strasbg.fr/∼
daurat/papiers/qconvgen.pdf.
[6] S. Brunetti, A. Daurat, An algorithm reconstructing convex lattice sets, Theoret. Comput. Sci. 304 (1–3)
(2003) 35–57.
[7] S. Brunetti, A. Daurat, A. Del Lungo, Approximate X-rays reconstruction of special lattice sets, Pure Math.
Appl. 11 (3) (2000) 409–425.
[8] A. Daurat, A. Del Lungo, M. Nivat, Median points of discrete sets according to a linear distance, Discrete
Comput. Geom. 23 (2000) 465–483.
[9] P.C. Fishburn, J.C. Lagarias, J.A. Reeds, L.A. Shepp, Sets uniquely determined by projections on axes. I.
Continuous case, SIAM J. Appl. Math. 50 (1) (1990) 288–306.
[10] P.C. Fishburn, L.A. Shepp, Sets of uniqueness and additivity in integer lattices, in: Discrete Tomography,
Appl. Numer. Harmon. Anal., Birkhäuser, Boston, 1999, pp. 35–58.
[11] R.J. Gardner, P. Gritzmann, Discrete tomography: determination of ﬁnite sets by X-rays, Trans. Amer. Math.
Soc. 349 (6) (1997) 2271–2295.
[12] R.J. Gardner, P. McMullen, On Hammer’s X-ray problem, J. London Math. Soc. II. Ser. 21 (1980) 171–175.
[13] P. Gritzmann, S. de Vries, M. Wiegelmann, Approximating binary images from discrete X-rays, SIAM J.
Optim. 11 (2) (2000) 522–546.
[14] B. Grünbaum, G.C. Shephard, Pick’s theorem, Amer. Math. Monthly 100 (2) (1993) 150–161.
[15] P. Hammer, Problem 2, in: Convexity, vol. VII, Proceedings of the Symposia in Pure Mathematics, American
Mathematical Society, Providence, RI, 1963, pp. 498–499.
[16] G.T. Herman, T. Kong, On which grids can tomographic equivalence of binary pictures be characterized in
terms of elementary switching operations?, Internat. J. Imag. Systems Technol. 9 (2–3) (1998) 118–125.
[17] G.T. Herman,A. Kuba, (Eds). Discrete tomography,Appl. Numer. Harmon.Anal., Birkhäuser, Boston, 1999.
[18] W. Hochstättler, M. Loebl, C. Moll, Generating convex polyominoes at random, Discrete Math. 153 (1–3)
(1996) 165–176.
[19] D. Kölzow,A. Kuba,A.Volcˇicˇ,An algorithm for reconstructing convex bodies from their projections, Discrete
Comput. Geom. 4 (1989) 205–237.
[20] G.A. Pick, Geometrisches zur zahlenlehre, Sitz.-Ber. Lotos (Prag) 19 (1899) 311–319.
[21] L. Thorens, personal communication, 2000.
[22] A. Volcˇicˇ, Well-posedness of the Gardner–McMullen reconstruction problem, in: Measure theory,
Oberwolfach 1983 (Oberwolfach, 1983), vol. 1089, Lecture Notes in Mathematics, Springer, Berlin, 1984,
pp. 199–210.
[23] R. Wunderling, Paralleler und objektorientierter simplex-algorithmus, Ph.D. Thesis, ZIB Technical Report,
TR 96-09, 1996.
